Necessary and sufficient conditions for the existence of a solution of a boundary-value problem for the Schrödinger equation are obtained in the linear and nonlinear cases. Analytic solutions are represented using the generalized Green operator.
Introduction
The Schrödinger equation is the subject of numerous publications, and it is impossible to analyze all of them in detail. For this reason, we only briefly describe the methods and ideas that underlie the approach proposed in this paper for the investigation of the linear and a weakly nonlinear Schrödinger equation with different boundary conditions.
In this work, we develop constructive methods of analysis of linear and weakly nonlinear boundary-value problems, which occupy a central place in the qualitative theory of differential equations. The specific feature of these problems is that the operator of the linear part of the equation does not have an inverse. This does not allow one to use the traditional methods based on the principles of contracting mappings and a fixed point. These problems include the most complicated and inadequately studied problems known as critical (or resonance) problems [-] . Therefore, for the investigation of periodic problems for the Schrödinger equation, we develop the technique of generalized inverse operators [-] for the original linear operator in Banach and Hilbert spaces.
On the other hand, we use the notion of a strong generalized solution of an operator equation developed in [] . The origins of this approach go back to the works of Weil and Sobolev. Using the process of completion, one can introduce the concept of a strong pseudoinverse operator for an arbitrary linear bounded operator and thus relax the requirement that the range of its values be closed. In this way, one can prove the existence of solutions of different types for the linear Schrödinger equation with arbitrary inhomogeneities. Thus, one may say that, in a certain sense, the Schrödinger equation is always solvable. There are three possible types of solutions: classical generalized solutions, strong generalized solution, and strong pseudosolutions [] .
For the analysis of a weakly nonlinear Schrödinger equation, we develop the ideas of the Lyapunov-Schmidt method and efficient methods of perturbation theory, namely the ©2014Boichuk and Pokutnyi; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.boundaryvalueproblems.com/content/2014/1/4
Vishik-Lyusternik method [] . The combination of different approaches allows us to take a different look at the Schrödinger equation with a constant unbounded operator in the linear part and obtain all its solutions by using the generalized Green operator of this problem constructed in this work. Possible generalizations are discussed in the final part of the paper. By an example of the abstract van der Pol equation, we illustrate the results that can be obtained by using the proposed method.
Auxiliary result (linear case)

Statement of the problem
Consider the following boundary-value problem for the Schrödinger equation in a Hilbert space H T :
where 
In a more general case, the operator H  has the form
where T is a strongly positive self-adjoint operator in the Hilbert space H. Since the operator T is closed, the domain D(T) of the operator T is a Hilbert space with scalar product (Tu, Tu).
the infinitesimal generator of a strongly continuous evolution semigroup has the form
The mild solutions of equation () can be represented in the form
for any element c ∈ H T . Substituting this in condition (), we conclude that the solvability of the boundary-value problem (), () is equivalent to the solvability of the following http://www.boundaryvalueproblems.com/content/2014/1/4 operator equation:
where
Consider the case where the set of values of I -U(w) 
is the orthoprojector that projects the space H T onto the subspace  ∈ σ (U(w)). Under this condition, the solutions of () have the form
, and any c ∈ H T . Then we can formulate the first result as a lemma.
Lemma  Suppose that the operator I -U(w) has a closed image R(I -U(w)) = R(I -U(w)).
. Solutions of the boundary-value problem (), () exist if and only if
is the generalized Green operator of the boundary-value problem (), () for
We now show that the condition R(I -U(w)) = R(I -U(w)) of Lemma  can be omitted and, in different senses, the boundary-value problem (), () is always solvable. http://www.boundaryvalueproblems.com/content/2014/1/4 () Classical generalized solutions.
Consider the case where the set of values of I -U(w) is closed (R(I -U(w)) = R(I -U(w))). Then [] g ∈ R(I -U(w)) if and only if P N((I-U(w)
* ) g = , and the set of solutions of () has
is the generalized Green operator (or it has the form of a convergent series). () Strong generalized solutions. Consider the case where R(I -U(w)) = R(I -U(w)) and g ∈ R(I -U(w)). We show that the operator I -U(w) can be extended to I -U(w) in such a way that R(I -U(w)) is closed.
Since the operator I -U(w) is bounded, the following representation of H T in the form of a direct sum is true:
N(I -U(w)) be the quotient space of H T and let P R(I-U(w)) and P N(I-U(w)) be the orthoprojectors onto R(I -U(w)) and N(I -U(w)), respectively. Then the operator
is linear, continuous, and injective. Here,
are a continuous bijection and a projection, respectively. The triple (H T , E, j) is a locally trivial bundle with typical fiber H  = P N(I-U(w)) H T [] . In this case [, p.,], we can define a strong generalized solution of the equation
We complete the space X with the norm x X = (I -U (w))x F , where
. Then the extended operator Remark  It should be noted that there exist the following extensions of spaces and the corresponding operators:
Then the operator I -U(w) = (I -U(w))P X : H T → H T is an extension of I -U(w), and (I -U(w))c = (I -U(w))c for all c ∈ H T .
() Strong pseudosolutions.
Consider an element g / ∈ R(I -U(w)). This condition is equivalent to P N((I-U(w)) * ) g = . In this case, there are elements of H T that minimize the norm (I -U(w))ξ -g H T :
These elements are called strong pseudosolutions by analogy with [] .
We now formulate the full theorem on solvability.
Theorem  The boundary-value problem (), () is always solvable. () (a) Classical or strong generalized solutions of (), () exist if and only if
, then solutions of (), () are classical.
(b) Under assumption (), the solutions of (), () have the form ϕ(t, c) = U(t)U  (w)c + G[f , α] (t), where (G[f , α])(t) is an extension of the operator (G[f , α])(t). () (a) Strong pseudosolutions exist if and only if
, the strong pseudosolutions of (), () have the form
1 Main result (nonlinear case)
Modification of the Lyapunov-Schmidt method
In the Hilbert space H T defined above, we consider the boundary-value problem
We seek a generalized solution ϕ(t, ε) of the boundary-value problem (), () that becomes one of the solutions of the generating equation (), () ϕ  (t, c) in the form () for ε = . To find a necessary condition for the operator function Z(ϕ, t, ε), we impose the joint constraints
where q is a positive constant.
The main idea of the next results was used in [] for the investigation of bounded solutions.
Let us show that this problem can be solved with the use of the following operator equation for generating amplitudes: Proof If the boundary-value problem (), () has classical generalized solutions, then, by Lemma , the following solvability condition must be satisfied:
By using condition (), we establish that condition () is equivalent to the following:
Since ϕ(t, ε) → ϕ  (t, c  ) as ε → , we finally obtain [by using the continuity of the operator function Z(ϕ, t, ε)] the required assertion. To find a sufficient condition for the existence of solutions of the boundary-value problem (), (), we additionally assume that the operator function Z(ϕ, t, ε) is strongly differentiable in a neighborhood of the generating solution (
This problem can be solved with the use of the operator This solution can be found by using the following iterative process:
Relationship between necessary and sufficient conditions
First, we formulate the following assertion: In this way, we modify the well-known Lyapunov-Schmidt method. It should be emphasized that Theorems  and  give us a condition for the chaotic behavior of () and () [].
Corollary Suppose that a functional F(c) has the Fréchet derivative F
Example
We now illustrate the obtained assertion. Consider the following differential equation in a separable Hilbert space H: 
In this case, the operator system (), () for the boundary-value problem (), () is equivalent to the following countable system of ordinary differential equations (c k (t) = x k (t)):
We find the solutions of these equations in the space W i ∈ N . Let w = π . In this case, the set of all periodic solutions of (), () has the form
The equation for generating amplitudes () is equivalent in this case to the following countable systems of algebraic nonlinear equations:
Then we can obtain the next result. where, for each t ∈ J ⊂ R, the unbounded operator H(t) has the form H(t) = H  +V (t), H  = H A detailed study of the boundary-value problem (), () will be given in a separate paper.
